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Abstract 
In this paper, we describe a simplified 1D three-phase simulator assuming steady-state flow 
conditions and its implementation to special core analysis. 

The steady-state simulator accounts for viscous, gravitational and capillary forces and is more 
accurate than a multipurpose black oil simulator. At the same time it is much simpler and 
works significantly faster. In combination with a parameter estimation subroutine; it provides a 
powerful and flexible tool for both planning and interpretation of muItiphase flow experiments 
performed under steady-state conditions. It makes it possible to interpret measurements with 
full account for capillary forces and also to incorporate various types of input information. 

The developed software is used to determine three-phase relative permeabilities from simulated 
steady-state experiments with account for capillary effects. The estimates are compared with 
the true functions, and with the relative permeabilities determined by Darcy's law. 

Introduction 
Three-phase flow is often encountered in natural reservoirs containing oil, water and gas, and 
also in underground aquifers polluted with industrial wastes. A study of three-phase flow 
properties is therefore necessary to enhance oil recovery, e.g., by reinjection of the produced 
gas which becomes more and more popular in the North Sea, and also to solve the problems of 
remediation of ground water. In this concern special core analysis in three-phase flow gradually 
attracts more attention. 

The steady-state technique is one of conventional methods applied in special core analysis to 
determine relative penneabilities. Since the classical paper [lo] it was recognised that capillary 
forces significantly affect laboratory experiments though neglected in a standard interpretation 
procedure. In order to avoid inaccuracies resulting from capillary effects neglect generally two 
options exist: either to avoid them by using sufficiently high total rates (which is not always 
possible, e.g., in the case of chalk, where the fragile material may crack if a high flow rate is 
utilised), or to introduce the corrections taking into consideration capillary pressure. 

An analytical approach to correct the steady-state measurements of relative permeabilities 
taking into account capillary forces has been reported in [r  I] ,  [12]. A more general approach 
based on history matching of measured data with the simulated [47 facilitates determination of 
relative permeabilities from both equilibrium and transient flooding experiments also taking 
fully into account capillary pressure. In this work, we develop and implement a spesialised 
steady-state three-phase simulator. The simulator is tailor-made for simulation of the steady- 
state condition, and is considerably faster than multi-purpose black-oil simulators. Through 



1.996 SCA Conference Paper Number 9635 

solution of the inverse problem associated with steady-state data and the mathematical model 
of the experiment, we demonstrate that three-phase relative permeabilities can be determined 
utilising this simulator. The simulator also provide for an effective mean for planning of three- 
phase steady-state flooding experiments. 

Formulation of the model 
The three-phase steady state model was formulated as an extension of a similar two-phase one 
described in Refs. 121 and 11 41. 

The system of equations describing three-phase flow under the assumptions that 
compressibility and solubiIity of phases is neglected, consists of a conservation law and the 
Darcy's law for each of the phases, two capillary pressure relationships, and a trivial 
relationship for the saturations: 

We assume for convenience that the phases are numbered with respect to wettability, so that 
index 1 corresponds to the most wetting phase (e.g., water), index 3 corresponds to the most 
non-wetting phase (gas), while index 2 is left for the intermediate wetting phase (oil). 

Note that in the above formulation the capillary pressures are assumed to be functions of only 
one argument (saturation). This type of representation of three-phase capillary pressures is 
often used , see [I], and is implemented in some commercial simulators (e.g., ECLIPSE). Also, 
some experimental findings indicate such a relationship[g]. 

The phase pressures may be eliminated from Eq. ( 1 ) in a standard way giving a closed system 
of two equations for two unknown saturations. 

Matrix fonn of the equations reads 
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where 

A steady state three-phase flow can then be described by 

By integration one obtains 

Since 

det A is never negative. It is zero on the boundaries of the triangle A, defined by 

where phase mobilities are zero. If the capillarity matrix A has a non-zero determinant an 
inverse matrix exists; 

In case when the inverse matrix exists Eq. ( 7 ) may be rewritten as 

After substitution of Eq. ( 10 ) into Eq. ( 11 ) and some aIgebraic manipulations, one obtains 
the following (surprisingly simple) system of two ordinary differential equations describing 
steady state saturations distributions along the coordinate: 
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( 12)  

Simulation of steady-state floods 
Saturation profiles are obtained by numerical solution of the system ( 12 ) with boundary 
conditions requiring continuity of the flowing phases at the outlet end. To solve the system a 
standard Runge-Kutta algorithm is applied. In addition, pressure profiles are calculated by 
numerical integration of the Darcy's law, Eq. ( 1 ). 

The following numerical results are calculated for input data corresponding to chalk samples 
(sec Table 1 and Figure 1). 

Table 1: Rock and fluid data. 

Three injection rates: 0.04,0.4 and 4 cclmin were used. At each of the 3 total rates 15 fractional 
flows were specified at the injection end to evenly cover the whole admissible region, see 
Figure 2. Nevertheless the resulting average saturations in the core are not evenly distributed in 
the admissible saturation triangle A , .  The equilibrium average saturations strongly depend on 

the total injection rate, see Figure 3. At a low rate, 0.04 cclmin gas saturations for all cases are 
close to capillary equilibrium saturations, i.e., capillary pressure between gas and oil is close to 
zero. At higher rates only a few points corresponding to higher gas saturations appear in the 
saturation diagram, so that most of the saturation region A, is not covered. This observation 

allows to conclude that three-phase steady-state experiments require careful planning in order 
to provide reliable data. Both total rate and fractional flows have to be selected taking into 
account capillary forces. This problem can be successfully solved in a very rapid manner by 
utilising the described above steady state numerical model. 
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Calculation of relative permeabilities by Darcy's law and by a 
parameter estimation technique 
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To determine relative permeability from the steady-state points, two approaches exists. One 
could neglect the capillary pressure, and estimate the relative permeabilities utilising Darcy's 
equation directly. The corresponding values of the saturation would then be found by material 
balance using separator readings or by integration of a measured saturation profile. This is the 
traditional approach utilised by several authors (see, e.g., [g]). Another approach is to utilise the 
three-phase steady-state simulator developed in the previous sections. However, the relative 
permeabilities can then not be determined directiy, as the equation can not be inverted 
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explicitly for the relative permeability. Here we demonstrate how the reIative permeabilities 
can be determined by solving the inverse problem associated with the steady-state simulator 
and the data. 

We represent the relative permeability by a functional representation, and find the parameters 
so that the weighted sum of squared differences between measured and simulated data is 
rninimised. To do so, we need a sufficiently flexible representation for the relative 
permeabilities. In the past, B-splines have successfuIIy been utilised for estimating two-phase 
relative permeabilities. This type of representation has been shown effective for representing 
the true (although unknown) flow functions in the two-phase as well as three-phase cases (see, 
e.g., [8,5,13]). In the three-phase cases, however, the relative permeability will generally be a 
function of two saturation, that is, each function will represent a surface on a plot with two 
saturations. Bivariate tensor-product B-splines have successfuIly been utilised for representing 
such surfaces[3,6,7]. 

To determine the parameters in the tensor-product representation of the relative permeabilities, 
we solve the non-linear least-squares problem defined by 

where j is the coefficients in the tensor-product B-spline expansion of the relative 
permeabilities and w is the weighting matrix. Eq. ( 13 ) is minjmised subject to the linear 
inequality constraints 

G can be selected so that monotonic relative permeability functions resuItsm. fC"'(j) and fobs 
are the data calculated by the simulator and the experimental data, respectively. The data 
utiIised can be pressure drop, average saturation of two phases, and saturation profiles of two 
phases, or any combination thereof. The minimisation problem is solved using a trust-region 
based Levenberg-Marquardt algorithm. Note that both the relative permeability as well as 
capillary pressure functions may be estimated utilising this approach, as the steady-state 
equations upon which the simulator is based, depend on both relative permeability as well as 
capillary pressure. However in the numerical experiments which follows the capillary pressure 
functions are assumed to be known. 

To demonstrate the feasibility of the approach, we present and discuss an example. From the 
experiments discussed in the previous sections, we generate 15 fractional flows for each rate, 
see Fig. 2. Assuming all other properties of the porous medium being known, we estimate the 
relative permeability of all three phases by utilising the above described approach. We also 
calculate the points corresponding to utilising Darcy's equation directly, neglecting the 
capillary pressure. The data are synthetic, i.e., are generated by the simulator. This is a very 
instructive way of testing a method, as the true functions wiIl be known, and the error in the 
estimation can be evaluated directly. We utilise a quadratic tensor-product B-spline expansion 
with two knots in each direction for each of the three relative permeability functions, and 
calculate pressure drop and average saturations corresponding to the 15 fractional flows for 
each rate. 

Tn our estimation procedure, we utilise the same partition for the relative penneabilities as we 
used in the generation of the data, that is, we are here not addressing the issue of bias errors 
(see discussion in [8]). With two knots in each direction and quadratic splines, a total of 25 
parameters results for each surface. However, as some of these parameters only have support 
outside of the saturation region for which we have data (see Figure 3 and discussion in [71), the 
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total number of parameters for all three functions is reduced to 27. These 27 parameters are 
estimated minimising Eq.( 13 ) subjected to Eq.( 14 ). 

The results of the estimation is shown in Figures 4-6. Figures 7-9 show the true relative 
permeability surfaces. As we can see from the figures, the errors (for both water and gas) are 
quite low in the area for which we have data. For this particular case, the influence of the 
capillary pressure on the data may be low, as the pointwise calculation of relative 
permeabilities utilising Darcy's law do not differ significantly from our estimate. The absolute 
average deviation from the true value for the water, oil, and gas relative permeabilities in the 
points corresponding to the fractional flows utilised, is 0.01,0.05, and 0.07, respectively for the 
Darcy points at total rate 0.4 cclmin. Except for gas relative permeability, the accuracy of the 
Darcy's interpretation increases as the total rate increases, the corresponding deviations are 
now 0.002, 0.003, and 0.07. Though the absolute error is not dramaticaIIy big in absolute value, 
the relative errors are; particularly the error in the relative permeability to gas. In this case the 
absolute error is close to the true value since the Darcy's interpretation gives strongly 
underestimated relative permeabilities values at low gas saturations where gas becomes the 
wetting phase. The reason for this is the high ratio of capillary/viscous forces for the gas phase 
due to low viscosity of gas. For the gas relative permeability, the results are improved by the 
parameter estimation technique. 

Table 2: Gas relative permeability by parameter estimation at 4 cc/min. 

Much work remains with this method; we need to investigate how higher capillary pressures 
will influence the estimation, what impact experimental errors will have on the estimation, as 
well as demonstrate the methodology on real experimental data. Also, we will investigate 
inclusion of saturation profiles on the accuracy with which the functions may be estimated. A 
particular strength of this method is that all previously reported steady-state data may be 
reinterpreted with this method, as the only inputs are the fractional flows along with average 
saturation and pressure drops. Hence, we do not require all details connected with experimental 
set-up or the transient data. 

SW 

0.01 
0.21 
0.30 
0.38 
0.59 
0.01 
0.24 
0.35 
0.58 
0.01 
0.30 

Sg 

0.17 
0.16 
0.16 
0.15 
0.16 
0.17 
0.16 
0.16 
0.34 
0.18 
0.17 

Parameter 
estimation 
1.68E-02 
5.38E-03 
2.95E-03 
1.53B-03 
3.86E-06 
1.73E-02 
4.54E-03 
2.06E-03 
1.26E-03 
1.79E-02 
3.26E-03 

TRUE 

1.29E-01 
6.77E-02 
4.23E-02 
2.22E-02 
5.40E-05 
1.30E-01 
S.92E-02 
2.88E-02 
3.58E-04 
1.32E-01 
4.36E-02 

Darcy 

1.02E-06 
3.25E-07 
2.58E-07 
2.36E-07 
3.05E-07 
3.35E-03 
9.57E-04 
7.87E-04 
3.25E-04 
9.94E-03 
2.46B-03 
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Conclusion 
A three-phase, I-D steady state numerical model taking into account capillarity has been 
developed. Its usefulness to interpret steady-state core floods has been demonstrated by way of 
numerical experiments. 
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Nomenclature 
A - - capillarity matrix 

F - - fractional flow vector function 

F" - - fractional flow, a constant vector defined in Eq. ( 7 ) 

g - - acceleration of gravity 

k - - relative permeability 

P - - pressure 

S - - saturation 

t - - time 

U - - individual phase velocity 

u - - total Darcy velocity 

X - - coordinate 

A - - increment 

A .T - - admissible saturation region defined in Eq. ( 9 ) 

cP - - porosity 

K - - absolute permeability 

h - - mobility 

Ir - - viscosity 

X - - capillary pressure 

P - - density 
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Figures 

Saturation 

Figure 1: Oil-water and Gas-oil capillary pressure curves used in the 
simulations. 

S imulated c a s  es 

1 

Figure 2: Case number and corresponding fractional flow at injection. 

1 

Figure 3: Average saturations in the core at different total rates 



Gas Satreah 

Figure 5: Estimated relative permeability to oil. 
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Gas Saturation 
Water Saturation 

Figure 4: Estimated relative permeability to water. 
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Figure 7: True relative permeability to water 
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Water Saturatm U Gas Saturation 

Figure 6: Estimated relative permeability to gas. 
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Gas Saluralim 

Figure 8: True relative permeability to oil. 

Figure 9: True relative permeability to gas. 




