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Abstract
Pore sizes, pore structures, relative permeability, capillary pressure, and wettability are measured
as part of special core analysis.  Inconsistency among measurements sometimes occurs because,
for example, residual fluid saturations are different in different experiments, and preferential wet-
tability changes during laboratory handling, experimentation, and core restoration.  Furthermore,
it is expensive to conduct different experiments that duplicate information on the same porous
media.  This memorandum presents a model that integrates relative permeabilities, capillary pres-
sure, wettability indices, and pore size distribution in a consistent manner.

The model has the potential to be used in reservoir simulations to populate unmeasured rock-fluid
properties based on limited measurements.  It can be used for relative permeability and capillary
pressure scaling up.  In near future, we will fine-tune the model with measurements and published
data.  We will then extend the model to incorporate lithological data and core-level parameters
such as absolute permeability, porosity, residual saturations, and end-point permeabilities.

I.  Summary of Results
An integrated model that interrelates relative permeabilities, capillary pressures, wettability
indices (USBM and Amott-Harvey), and pore size distribution is presented.  The model can
be further extended to include water and oil residual saturations.
The model is being developed for eventual use to populate and predict unmeasured core prop-
erties for numerical simulations of reservoir performance, and thus reduce cost for unneces-
sary measurements.  It could also be further developed for predicting effective relative perme-
ability of complex geological systems.

II.  Introduction
In order to mathematically model the movement of fluids in a reservoir, functional relationships
between relative permeabilities (kr), capillary pressure (Pc) and saturation (S) must be known.
The relationships between kr-S, kr-Pc, and Pc-S are commonly obtained from different measure-
ments and they often lack consistency.  For example, the values of residual oil saturation (Sor) and
interstitial water saturation (Siw) obtained from relative permeability measurements often differ
from those derived from capillary pressure measurements.  It is also known that both kr and Pc
exhibit hysteresis, but the fact that kr-hysteresis must interrelate with  Pc-hysteresis is customarily
ignored.



Capillary pressure, relative permeability, their hysteresis phenomena, and residual fluid saturations
(Sor and Siw) are functions of pore size distribution and wettability.  All these factors may be influ-
enced by fluid properties, temperature, and pressure.  Figure 1 shows these interrelationships.

The top three elements in Figure 1 (fluid properties, rock properties, and temperature and pres-
sure) are reservoir-specific (i.e., rock-type specific).  The purpose of this paper is therefore to de-
velop a core-level model that interrelates capillary pressure and relative permeabilities with pore
size distribution and wettability in a consistent manner.  Such a model is lacking in the industry,
and the development of the model is needed because unmeasured core properties could be pre-
dicted from a certain set of measured properties using the model.

Figure 1.  Inter-relationship
among rock-fluid properties:
capillary pressure, relative
permeability, pore size distri-
bution, wettability, and re-
sidual saturations.

We now review and discuss
previous works which are
building blocks of a model that
we have constructed:

(a) The Capillary Pressure (Pc) - Relative Permeability (kr) Relationships
Capillary pressure and relative permeability relationships have long been derived based on the
Kozeny equation1 and the bundle-of-capillary-tube model2 with tortuosity3 and/or electric resis-
tivity4,5 accounted.  The classical Corey-Burdine6,7,8 equations relate Pc and kr of a porous media
without linking wettability and pore size distribution.  There are a few other Pc-kr relationships
that are less popular than the Corey-Burdine formulation: the Rapoport-Leas model9 and the
Mualem model10; the latter is believed to be more applicable to unconsolidated cores and soil
packs11,12.  Using the Corey-Burdine equations, Corey6,8 prescribed a power-law form for pri-
mary drainage capillary pressure to calculate drainage kr.

Naar and Henderson13 proposed a model that uses the primary drainage capillary pressure to cal-
culate kr in the primary imbibition direction (see Eqs. (30)-(32) of ref. 13).  Similarly, Land14,15

used the primary drainage Pc curve and the Corey-Burdine equations to calculate primary im-
bibition kr.   The Land theory has somewhat been standardized16, and its applications were pub-
lished recently17,18.  However, these works are not theoretically rigorous because imbibition kr
should be calculated based on imbibition Pc.

(b)  Pore Size Distribution - Capillary Pressure (Pc) Relationships
Capillary pressures are commonly measured by porous diaphragm method19, mercury-injection
method2,20, and centrifuge method21.  Pore size distribution is traditionally inferred from the mer-
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cury-injection primary intrusion Pc data22 through the Young-Laplace equation because mercury
is strongly nonwetting.  The volume of mercury injected for a given pressure increment represents
the combined volume of (pore-)throats and (pore-)bodies that are connected by throats falling
within specific size limits.  However, not all bodies and throats within the specific size range can
be invaded by mercury, because they may be shielded by other smaller pores whose displacement
pressure has not yet been exceeded.  Such effects can be studied conveniently by constructing ide-
alized pore models23,24,25.  These studies found that throats and throat-to-body accessibility con-
trol the entry pressure.  Thus, capillary pressure curve may differ quite significantly from actual
throat size distribution.  If withdrawal of mercury (i.e., wetting-phase imbibition process) is
mainly from "throats" rather than "bodies," then withdrawal volume can be used as a measure of
"throat" volume and, by subtraction from total void volume, "body" volume also can be estimated.

(c)  Capillary Pressure (Pc) - Saturation (S) Relationships
Corey6,8 used a power-law form for primary drainage capillary pressure.  Van Genuchten11 used
another three-parameter function for primary drainage Pc.  Identical functional form was used to
represent primary imbibition Pc by Parker and Lenhard26.  All these Pc representations involve
curve-fitting fudge factors, and are not directly associated with pore size distribution and/or "fluid
size distribution."

(d)  Wettability - Capillary Pressure (Pc) Relationships
Capillary pressure behavior is related to the wettability of the core27.  The so-called USBM and
Amott-Harvey Indices28,29 are calculated based on to the primary imbibition (or secondary imbibi-
tion) and secondary drainage Pc curves.

Based on the above discussions, this paper will provide a first-pass attempt to integrate capillary
pressure, relative permeabilities, hysteresis, pore size distribution, and wettability in a consistent
manner.  The development of the model is presented in the next section.

III.  Model Development
(a) Log-Normal Distribution for Free Pore Space

Figure 2.  Log-normal
pore/throat size distribution
for free pore spaces.

In most intergranular reservoir
rocks, the pore space occu-
pied by mobile fluids, which
we will call "free pore vol-
ume," may be approximated
by a log-normal distribution30.
There are some other repre-
sentations of pore size distri-
bution, such as the Gamma
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distribution31, but the mathematics becomes more cumbersome than what is presented in this pa-
per.  In future efforts, we will fine-tune the present model with some measured parameters, and
will improve the approximate nature of the log-normal distribution. A log-normal distribution is a
Gaussian distribution with its independent variable (i.e., the pore/throat size) in logarithmic scale
and the dependent variable (i.e., the pore frequency) in linear scale.  Denoting nV(r) as the fre-
quency of pore/throat sizes of the free pore volume, a hypothetical log-normal distribution of
nV(r) is shown in Figure 2.

nV(r) is represented by Equation (1), in which r is the equivalent pore/throat radius, r  is the vol-
ume-median pore/throat radius, and   is the standard deviation:
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VFree is the total free pore volume, and is equal to the integration of nV(r) over the entire r domain
(r = 0 to T):
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The r  in Eq. (1) is the radius below which the area under the nV(r) vs. r curve is one-half of VFree,
this explains why r  is called the volume-median pore/throat radius:
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Using Eq. (1), nV(r) function can be integrated with respect to r from r = 0 to an arbitrary
pore/throat size r to give:
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where V(r) is the "partial" free pore volume occupied by a phase from the smallest pore (r=0) to
an arbitrary pore size r.  Eq. (4) is important in a sense that it gives a relationship between nor-
malized phase saturation and capillary pressure.  "Normalized saturation" (S*) is the ratio of the
partial free pore volume divided by the total free pore volume:
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The capillary pressure (Pc) is related to the pore/throat radius by the Young-Laplace equation:
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where  is the interfacial tension between phases,  is the rock-fluid contact angle, and Pc is the
capillary pressure corresponding to the volume-median pore/throat radius, r .  Eq. (4) therefore
can be written in the following form:
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This equation represents a simplified relationship between S* and Pc.  Similar expressions for Pc
in the primary imbibition and secondary drainage directions will be derived in the next section
based on Eq. (7).



(b) Capillary Pressure (Pc) - Saturation (Sw
* ) Relationship for Primary Imbibition and Sec-

ondary Drainage
A schematic representation of capillary pressure behavior during repeated drainage (oilflood) and
imbibition (waterflood) cycles is shown in Figure 3.  In this figure, the x-axis is un-normalized
water saturation.  Left and right arrows show water drainage and imbibition, respectively.  Seg-
ment 1 is primary water drainage, Segments 2 and 3 together account for primary water imbibi-
tion, and Segments 4 and 5 together represent secondary water drainage.  Segments 2 and 4 are
spontaneous water imbibition and oil imbibition, respectively.  Segments 3 and 5 are forced water
drive and forced oil drive, respectively.

The two quantities, X and Y, shown in Figure 3 are related to the wettability of the system.  X
represents how much water can be automatically imbibed by the rock without putting any pres-
sure gradient.  Y, similarly, represents spontaneous oil imbibition.  Later as we will show, the two
commonly used USBM and Amott-Harvey wettability indices can be related to X and Y.

Figure 3.  A graphical representation of capillary
pressures as functions of water saturation in a wa-
ter-oil system.  Segment (1): primary water drain-
age; Segment (2): spontaneous water imbibition;
Segment (3): forced water imbibition (or water
drive); Segment (4): spontaneous water drainage;
and Segment (5): forced water drainage (or oil
drive).

In Figure 3, primary imbibition and secondary drainage are enclosed within a saturation of range
1 - Siw - Sor, which corresponds to the pore space occupied by mobile fluids only (i.e., excluding
connate water and residual oil).  The water saturation Sw  can be thus normalized:
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The extent of spontaneous water and oil imbibition, X and Y, can as well be normalized as:
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To a first approximation, we assume that in each of Segments 2, 3, 4, and 5, water imbibes or
drains into pore/throat sizes that are always log-normally distributed, and each segment has one
log-normal distribution function of its own.  We further assume that these four log-normal distri-
bution functions (of Segments 2, 3, 4, and 5) have same mean pore/throat size and standard de-
viation.  Therefore, similar to the derivation of Eq. (7), we have the following equations relating

 with Pc  for each segment:

(Segment 2):  Spontaneous Water Imbibition:
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(Segment 3):  Forced Water Imbibition (or Water Drive):
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(Segment 4):  Spontaneous Water Drainage (or Spontaneous Oil Imbibition):
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(Segment 5):  Forced Water Drainage (or Oil Drive):
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(c)  Wettability Indices Derived from the Capillary Pressure (Pc) - Saturation (Sw
* ) Rela-

tionship
With the Pc-saturation relationships given by Eqs. (10)-(13), the conventional USBM and Amott-
Harvey wettability indices can be derived as follows:

Amott-Harvey Wettability Index (IAH):
Amott-Harvey index is defined as the spontaneous amount of water imbibition minus that of
spontaneous oil imbibition.

I
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The physical significance of Amott-Harvey is apparent from Eq. (14): the greater the spontaneous
water imbibition, the larger the value of X*, and the closer IAH to unity.  So, IAH = 1 represents
perfectly water-wetting characteristic.  Similarly, IAH = -1 represents perfectly oil-wetting char-
acteristic.  However, any intermediate value of IAH between -1 and 1 could mean that the system
is both water-wetting and oil-wetting (e.g., X* = 0.3 and Y* = 0.3 gives IAH = 0), or it could mean
that the system is non-wetting to both phases (e.g., X* = 0 and Y* = 0 also gives IAH = 0).

USBM Wettability Index (IUSBM):
The USBM index is defined as the logarithmic of the ratio of the energy required for forced water
drainage to the energy required for forced oil drainage.  Energy is equal to the product of capil-
lary pressure and the pore volume, so,

(15)

and (16)

In Eqs. (15) and (16), A1 is the area enclosed by the positive capillary pressure curve of Segment
5 and the Sw-axis as shown in Figure 3.  A2 is the area enclosed by the negative capillary pressure
curve of Segment 3 and the Sw-axis.  With these expressions, USBM index is commonly written in
the form:

I A AUSBM log10 1 2 (17)



Eq. (11) for Segment 3 and Eq. (13) for Segment 5 now can be used to calculate A1 and A2.  The
results of integration are:
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Subsequently, the USBM index is:   I
Y
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*
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Unlike the Amott-Harvey index, the USBM index can have values greater than unity or smaller
than -1.  Also, from the comparison of Eq. (14) of IAH and Eq. (20) of IUSBM, we see that there is
no direct one-to-one relationship between these two indices.

(d) Interrelationship of Capillary Pressure (Pc) and Relative Permeability (kr) - The use of
Corey-Burdine Equations

The Corey-Burdine equations provide linkages between the capillary pressure and relative perme-
abilities for both water and oil phases.  The equations are:

k S
P

dS

P
dS

rw w
c

w

S

c
w

w

*

*

*

( )

( )

*

2
20

20

1

1

1 ; k S
P

dS

P
dS

ro w
c

wS

c
w

w

1

1

1
2

2

1

20

1

*

*

*

( )

( )

*

(21a,b)

Calculation of the integrals in Eqs. (21a) and (21b) involves using Eqs. (10) through (13) and
change of variables.  The final results of the kro and krw expressions are:

(Segment 2):  Spontaneous Water Imbibition:
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(Segment 3):  Forced Water Imbibition (or Water Drive):
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(Segment 4):  Spontaneous Water Drainage (or Spontaneous Oil Imbibition):
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(Segment 5):  Forced Water Drainage (or Oil Drive):
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IV.  Sample Calculations and Model Validation
(a) Sample Calculations
Relative permeability and capillary pressure were calculated for three different wettability condi-
tions.  Log-normal distribution was assumed with standard deviation  = 2.5 and mean Pc  = 2.5
psi.  The predicted Pc and kr for primary imbibition (dashed lines) and secondary drainage (solid
lines) are both shown in Figure 4.  The top three figures in Figure 4 are the Pc-Sw

* relationship
for the following wetting conditions:

Top Left in Figure 4:         IUSBM = 0.477,   IAH = 0.6 (X* = 0.7, Y* = 0.1)
  Top Middle in Figure 4:    IUSBM = 0.109,   IAH = 0.2 (X* = 0.3, Y* = 0.1)
  Top Right in Figure 4:      IUSBM = -0.046,  IAH = -0.1 (X*=0.0,   Y* = 0.1)

The corresponding relative permeability curves (krw-Sw
* and kro-Sw

*) for these cases are shown in
the lower half of Figure 4.  It can be concluded from Figure 4 that:
1. Hysteresis of relative permeability in both phases is more pronounced when the capillary hys-

teresis is more significant.  The secondary drainage kro is always higher than the primary im-
bibition kro at all saturations.  Conversely, the secondary drainage krw is always lower than the
primary imbibition krw at all saturations.

2. On the basis of the two figures far left, the kr hysteresis of the wetting phase (water) in more
pronounced than the nonwetting phase (oil) in a water-wet system.

3. Based on the three lower figures, the cross point of kro and krw in the imbibition direction
(dashed lines) moves from the right-hand side (see the lower-left figure) to the left-hand side
(see the lower right figure), when wettability condition changes from water-wetting to oil-
wetting.  This prediction is in agreement with our common observations in measurements32,33.

4. As long as the capillary curve does not change the cross point of kro-krw will not change, even
though the wettability changes.  This can be exemplified by the secondary drainage calcula-
tions (solid lines in Figure 4).

5. In the direction of water drainage, even though our calculation focused on in the normalized
range of saturation (i.e., Sw

*), water is effectively immobile until Sw
* = 30%.  This is also in

agreement with common observations in measurements.  Similar observation is for the oil
phase in the water-imbibition direction; the effective residual oil does not occur at  Sw

* = 1 but
at about Sw

* = 75%.  These observations agree with the fact that kro at low oil saturation and
krw at low water saturation are very difficult to measure in standard laboratory experiments.

(b) Model Validation with Measured Data



In the published literature, simultaneous measurements of relative permeability and capillary pres-
sure were attempted34,35, but very accurate and reliable data in both primary imbibition and secon-
dary drainage directions are rare36.  We found a data set37 suitable for validation of our modeling
based on measurements on a 260-mD fired Berea core sample.  The original relative permeability
data are adjusted to match end-point relative permeabilities from the predictions: kro = 0.58 @ Siw
= 0.242 and krw = 0.55 @ Sor = 0.274, and the adjusted data is shown in Table 1.  The reason for
this adjustment is that the lab-measured values of Siw (33.9%) and Sor (37.1%) are not represen-
tative of the true residual saturations which we estimated as Siw = 24.2% and Sor = 27.4%.

Table 1.  Summary of Relative Permeability Data (Measured at NIPER)
Normlz’d Water
Saturation, Sw

*
kro
Imbibition

krw
Imbibition

Normlz’d Water
Saturation, Sw

*
kro
Drainage

krw
Drainage

0.2004 0.5800 0 0.7955 0.0008 0.5365
0.4493 0.3457 0.1283 0.7810 0.00414 0.5263
0.4824 0.2105 0.2022 0.7748 0.01964 0.4513
0.6045 0.1397 0.2847 0.6591 0.0525 0.3338
0.6777 0.0200 0.4303 0.5723 0.1109 0.1887
0.7355 0.00416 0.5344 0.4917 0.1760 0.1671
0.7996 0 0.55 0.4462 0.2218 0.1240

0.3409 0.4120 0
0.2004 0.58 0

Figure 5.  Water-oil relative
permeability model-data
comparison.

Using the measure log-normal
parameters for pore size distri-
bution (  = 1.3, and Pc  = 2.5
psi), relative permeability was
predicted and compared with
measured data as shown in
Figure 5.  The measured krw
for water drainage is always
lower than that of the imbibi-
tion process, which is in
agreement with the predic-
tions.  The measured and pre-
dicted cross points of kro and

krw are also well matched with each other.  The comparisons of the capillary pressure curves are
not shown due to lack of data.



  
Figure 4.  Predicted capillary pressure and relative permeability relationship at different wettability conditions: USBM = 0.477
(left two figures), USBM = 0.109 (middle two figures), USBM = -0.046 (right two figures).



V.  Impact and Future Research Directions
Using the model as a first pass, we are able to predict unmeasured core properties from limited
measurements, thus reduce cost by avoiding unnecessary measurements.  Further, even though the
interpretation of the proposed model is based on a water-oil 2-phase system, the model could be
extended to predict the kr-Pc-wettability relationships for gas-oil and gas-water 2-phase systems
as well as 3-phase systems.  It may have direct application on complex processes such as WAG
and gas condensate.

The developed model will still need to be improved and fined-tuned with the use of measured
data.  The future research areas based on the current developed model could be the following:

capillary pressure and relative permeability hysteresis behavior at different wettability condi-
tions targeting the differences between mixed-wet and intermediate-wet systems;
pore size distribution vs. fluid size distribution and their correlations with the model;
correlations between residual saturations (Siw and Sor) and end-point relative permeabilities
(kro @ Siw and krw @ Sor);
scaling lab-measured kr and Pc to field values of Siw (i.e., different Siw effect); and
interfacial tension variation and its influence to capillary pressure and relative permeability.
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