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Abstract. In this study, new parameters referred to as rock resistivity modulus (RRM) and true resistivity modulus 
(TRM) were defined. Analytical models were developed based on RRM, TRM and Archie’s equation for predicting 
Formation Resistivity Factor (FRF) and Resistivity Index (RI) under overburden pressure conditions. The results 
indicated that overburden FRF is dependent on FRF at initial pressure (ambient FRF), RRM and net confining 
pressure difference. RRM decreases with cementation factor and rock compressibility. The proposed FRF model 
was validated using 374 actual core data of 79 plug samples (31 sandstone and 48 carbonate plug samples) from 
three sandstone reservoirs and four carbonate reservoirs, measured under 4-6 different overburden pressures. The 
developed FRF model fitted the experimental data with average relative error of 2% and 3% for sandstone and 
carbonate samples respectively. Moreover, the applications and limitations of the models have been investigated 
and discussed. Further theoretical analysis showed that overburden RI is a function of RI at initial pressure, TRM 
and net confining pressure difference. The developed models supplement resistivity measurements and can be 
applied to estimate FRF, RI and saturation exponent (n) variations with overburden pressure.

Introduction 

Archie’s Formation Resistivity Factor (FRF) is one of the 
most essential petrophysical properties for log calibration and 
reservoir characterisation. The FRF is a dimensionless 
parameter defined as the ratio of the resistivity of rock fully 
saturated with brine (Ro [Ωm]) to the formation water 
resistivity (Rw [Ωm]). FRF is related to the porosity (𝜑𝜑 
[fraction]) by the Archie equation as follows: 
 

𝐹𝐹𝐹𝐹𝐹𝐹 =
𝑅𝑅𝑜𝑜 
𝑅𝑅𝑤𝑤 

= 𝜑𝜑−𝑚𝑚     (1) 

where m is the cementation factor which is also referred to as 
porosity exponent or cementation exponent.  
The porosity of rock is the ratio between the pore space vol-
ume (𝑉𝑉𝑝𝑝) to the bulk volume (𝑉𝑉𝑏𝑏) of the rock and is expressed 
as a fraction. Considering electrical properties of rocks, the 
Resistivity Index (RI) is the second essential dimensionless 
parameter. RI is calculated as the ratio of the resistivity of 
rock when partially saturated with water (Rt [Ω m]) to the Ro. 
It is linked to the water saturation (𝑆𝑆𝑤𝑤 [fraction]), as follows:  
 

𝑅𝑅𝑅𝑅 =
𝑅𝑅𝑡𝑡 
𝑅𝑅𝑜𝑜

= 𝑆𝑆𝑤𝑤−𝑛𝑛    (2) 

where n is the saturation exponent [1]. Combining 
Equations (1) and (2) yields the following equation which is 
referred to as saturation equation: 
 

𝑆𝑆𝑤𝑤 = (
𝑅𝑅𝑤𝑤 
𝜑𝜑𝑚𝑚𝑅𝑅𝑡𝑡

)
1
𝑛𝑛

 

    (3) 

These empirical equations were derived for clean, clay-free, 
strongly water-wet sandstones with simple and unimodal pore 
geometry.  Further assumptions are that the rock grains are 
non-conductive, and all the water contributes to electrical 
current flow [2–4]. The estimation of the volume of 
hydrocarbon initially in place at reservoir conditions (HCIIP 
[m3]) is vital information for reservoir management and is 
determined by the water saturation, the porosity, and the 
volume of the reservoir (V [m3]), as follows [5,6]: 
 

𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻 = 𝑉𝑉𝜑𝜑(1 − 𝑆𝑆𝑤𝑤 )    (4) 

The accuracy of predicting the volume of the reservoir is high 
for mature fields which have been produced through 
numerous wells for many years. In addition, reservoir 
porosity can be obtained by using logging tools, such as sonic 
and neutron devices. Calibrating logging data to core analysis 
results can provide more accurate data sets and increase 
confidence in estimated reservoir porosity values.  
Various methodologies for obtaining Rw have been reported 
in literature, such as direct measurement in a resistivity cell, 
chemical analysis of produced water samples, use of 
spontaneous potential (SP) curves, water catalogues and 
numerous other empirical methods [7–10]. Moreover, Rt can 
be achieved from the electrical resistivity logs. Therefore, by 
determining Archie’s exponents (m and n) through 
conducting laboratory measurements, the in-situ water 
saturation can be calculated using Equation (3). These 
empirical parameters must be obtained at representative 
pressure and temperature conditions. Hence, they are 
quantified based on the results of special core analysis 
(SCAL). Laboratory FRF SCAL tests are performed in such 
a way as to be as representative as possible of the reservoir 
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conditions, but typically they are performed at lower 
temperature and overburden pressure conditions.  This is due 
to time constraints, the complexity of the measurements and 
higher expense. It is also common to perform FRF tests at a 
single overburden pressure due to limited SCAL program 
budget [11].  Thus, testing conditions are usually dissimilar 
to the actual conditions in the reservoir. 
Overburden pressure is defined as the vertical stress or 
hydrostatic pressure exerted by all overlying layers of 
material (rock, salt, water) on a reference point or layer. The 
formation compresses once the overburden pressure increases 
beyond the limit of the fluid pressure in the pore space [12]. 
As a result of compression, the tortuosity of flow paths varies 
and the pore sizes and accordingly porosity, decreases. As 
porosity decreases, in accordance with Archie’s law, FRF 
increases  [13–16]. Many researchers have investigated the 
effect of confining pressure on the FRF of numerous rock 
samples. It has been reported convincingly that FRF increases 
with increasing confining stress and overburden pressure 
[13–24] The effect of overburden pressure on FRF is 
dissimilar for different rocks depending on the pore size 
distribution, clay content, porosity, and permeability [8].  
Since determination of cementation and saturation exponents 
is among the most uncertain parameters required for 
estimating HCIIP in Equation (4), without considering the 
effect of overburden pressure, the predicted saturation from 
resistivity logs can be a basis of uncertainties and 
subsequently leads to inaccurate estimations of hydrocarbon 
volumes initially in place. 
To model the effect of overburden pressure in sandstone and 
carbonate cores a novel, theoretical investigation supported 
by experimental results is introduced. The objectives of this 
analytical-experimental research are to explore the 
relationship between FRF, RI and overburden pressure and to 
develop mathematical models for predicting FRF under 
different overburden pressures. The models are validated 
using actual core sample resistivity data at ambient 
temperature and different net confining pressure conditions 
from sandstone and carbonate reservoirs. 
 
Development of the FRF Models 
 
Rock resistivity modulus (RRM) is defined as the change in 
Ro per unit of Ro per change in pressure. Thus, RRM is a 
measure of the relative change in the rock resistivity of rock 
fully saturated with brine in response to a pressure change as 
follows: 

𝛾𝛾𝑅𝑅𝑜𝑜 = − 1
𝑅𝑅𝑜𝑜

𝜕𝜕𝑅𝑅𝑜𝑜
𝜕𝜕𝜕𝜕

     (5) 
 

In addition, the water resistivity modulus (WRM) and the true 
resistivity modulus (TRM) can be defined by analogy to 
RRM as follows: 

𝛾𝛾𝑅𝑅𝑤𝑤 = − 1
𝑅𝑅𝑤𝑤

𝜕𝜕𝑅𝑅𝑤𝑤
𝜕𝜕𝜕𝜕

     (6) 
 

𝛾𝛾𝑅𝑅𝑡𝑡 = − 1
𝑅𝑅𝑡𝑡

𝜕𝜕𝑅𝑅𝑡𝑡
𝜕𝜕𝜕𝜕

     (7) 
 
By separating the Ro in Equation (5) and integrating while 
assuming a constant RRM over the pressure interval of 
interest, the Ro at a given overburden pressure can be 
calculated as follows: 

 
𝑅𝑅𝑜𝑜2 =  𝑅𝑅𝑜𝑜1𝑒𝑒

−𝛾𝛾𝑅𝑅𝑜𝑜∆𝑃𝑃     (8) 
 

where 𝑅𝑅𝑜𝑜1  and ∆𝑃𝑃 are rock resistivity at initial pressure and 
net confining pressure difference respectively. Combining 
Equations (1) and (5), yields the following equation: 
 

𝛾𝛾𝑅𝑅𝑜𝑜 = −𝜑𝜑𝑚𝑚

𝑅𝑅𝑤𝑤

𝜕𝜕(𝑅𝑅𝑤𝑤𝜑𝜑𝑚𝑚)

𝜕𝜕𝜕𝜕
     (9) 

 
It has been shown that the variations in cementation and 
saturation exponents with overburden pressure are not 
significant [11,24,25]. The maximum change in the 
cementation and saturation exponents with overburden 
pressure for water-wet cores have been reported at around 2% 
and 8% respectively [24]. Hence, for the sake of simplicity in 
deriving the mathematical models, it was supposed that 𝑚𝑚 
and 𝑛𝑛 coefficients do not vary with overburden pressure. 
Accordingly, by assuming a constant cementation exponent 
over the pressure interval of interest, taking the derivative of 
the term (𝑅𝑅𝑤𝑤

𝜑𝜑𝑚𝑚
) with respect to pressure in Equation (9) and 

rearranging it, the RRM can be calculated using the following 
formula:  
 

𝛾𝛾𝑅𝑅𝑜𝑜 = − 1
𝑅𝑅𝑤𝑤

𝜕𝜕𝑅𝑅𝑤𝑤
𝜕𝜕𝜕𝜕

+ 𝑚𝑚 1
𝜑𝜑
𝜕𝜕𝜑𝜑 

𝜕𝜕𝜕𝜕
    (10) 

The variations in porosity of a porous rock due to changes in 
overburden pressure are related to the pore volume 
compressibility (𝐶𝐶𝑝𝑝) and bulk compressibility (𝐶𝐶𝑏𝑏) which are 
expressed in Equations (11) and (12) [26]: 
 

 𝐶𝐶𝑝𝑝 = − 1
 𝑉𝑉𝑝𝑝

𝜕𝜕 𝑉𝑉𝑝𝑝 

𝜕𝜕𝜕𝜕
           (11) 

 𝐶𝐶𝑏𝑏 = − 1
 𝑉𝑉𝑏𝑏

𝜕𝜕 𝑉𝑉𝑏𝑏
 

𝜕𝜕𝜕𝜕
           (12) 

Taking the derivative of the porosity with respect to pressure 
and replacing Cp and Cb from Equations (11) and (12) into it, 
yields the following equation: 
 

𝜕𝜕𝜑𝜑 

𝜕𝜕𝜕𝜕
=  𝜑𝜑 (𝐶𝐶𝑏𝑏 −  𝐶𝐶𝑝𝑝)    (13) 

By combining Equations (6), (10) and (13), the following 
equation can be obtained: 
 

𝛾𝛾𝑅𝑅𝑜𝑜 = 𝛾𝛾𝑅𝑅𝑤𝑤 + 𝑚𝑚 (𝐶𝐶𝑏𝑏 −  𝐶𝐶𝑝𝑝)         (14) 

The water resistivity is independent of pressure, for pressure 
and temperature conditions below 58,000 psi (4,000 bar) and 
170 ℃. [27]. This pressure is much greater than those 
normally encountered in hydrocarbon reservoirs. 
Consequently, the water resistivity and WRM over the 
pressure interval of interest are assumed constant and zero 
respectively. By dividing both sides of Equation (8) by the 
water resistivity, the overburden FRF can be calculated as: 
 

𝐹𝐹𝐹𝐹𝐹𝐹2 = 𝐹𝐹𝐹𝐹𝐹𝐹1 𝑒𝑒
−𝛾𝛾𝑅𝑅𝑜𝑜∆𝑃𝑃            (15) 
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In addition, by disregarding WRM in Equation (14), a 
simplified formula for estimating the RRM is obtained: 
 

𝛾𝛾𝑅𝑅𝑜𝑜 = 𝑚𝑚 (𝐶𝐶𝑏𝑏 −  𝐶𝐶𝑝𝑝)                  (16) 

By replacing the RRM in Equation (15), the FRF at a given 
overburden pressure can be calculated as follows: 
 

𝐹𝐹𝐹𝐹𝐹𝐹2 = 𝐹𝐹𝐹𝐹𝐹𝐹1 𝑒𝑒
𝑚𝑚 (𝐶𝐶𝑝𝑝− 𝐶𝐶𝑏𝑏)∆𝑃𝑃                   (17) 

Thus, FRF can be predicted by two models. Measuring FRF 
under several overburden pressures is an essential 
requirement for applying the first model which is referred to 
as the Multi-FRF model. In the Multi-FRF model, Equation 
(15) is used to fit overburden FRF data. A plot of the ratio 
𝐹𝐹𝐹𝐹𝐹𝐹2 
𝐹𝐹𝐹𝐹𝐹𝐹1 

 versus the net confining pressure difference on a semi-

logarithmic scale passing through ∆𝑃𝑃 = 0, when 𝐹𝐹𝐹𝐹𝐹𝐹2 =
FR𝐹𝐹1 , gives a straight line of slope −𝛾𝛾𝑅𝑅𝑜𝑜 , as: 
 

𝛾𝛾𝑅𝑅𝑜𝑜  =  − 

Ln 
𝐹𝐹𝐹𝐹𝐹𝐹2 
𝐹𝐹𝐹𝐹𝐹𝐹1 
∆𝑃𝑃             (18) 

The obtained RRM can be used to predict FRF at any 
overburden pressure using Equation (15). When FRF is 
measured only at initial pressure, the second model which is 
referred to as the Single-FRF model can be used to estimate 
overburden FRF through Equation (17). It should be noted 
that the FRF models have been derived based on Archie’s 
equation, thus Archie’s assumptions apply to them. 
Accordingly, the developed FRF models are applicable only 
if Archie’s equation is valid. 

Validating the FRF Models 

Two overburden FRF datasets comprising samples from three 
sandstone and four carbonate reservoirs were used to apply 
and validate the developed models. The first dataset includes 
55 plug samples from five different North Sea reservoirs. The 
range of porosity, permeability and grain density of the 
samples have been investigated and listed in Table 1. Bulk 
mineral composition of the samples was measured by X-ray 
diffraction (XRD). The average tectosilicates, carbonate and 
phyllosilicate content of the samples are presented in Table 2. 
 
Table 1. Overview of the range of porosity, water permeability (Kw), 
grain density of the samples.  

 Table 2. Overview of the average bulk mineral composition. 

Equations (15) and (17) were fitted to the measured FRF data, 
and Figures 1 and 2 show examples of the best regression line 
and least square method statistical parameters. After applying 
the proposed models to the dataset, an excellent agreement 
has been observed (R2=0.9992) between both the Multi-FRF 
and Single-FRF models and the measured data (Figure 1). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1. Example 1, fitting of Equations (15) and (17) to FRF data; 
relation between the overburden pressure and normalized porosity, 
permeability and FRF. 
 
Figure 2 shows a very good correlation with the Multi-FRF 
model (R2=0.9973), whereas uncertainty in compressibility 
data causes the Single-FRF model to overestimate the FRF 
values at overburden pressures above the initial pressure. 
Although, the Single-FRF model has clearly deviated from 
the measured data, the maximum relative error between the 
measured and predicted FRF at 120 bar is only 12.6% as 
shown in Figure 2. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2. Example 2, fitting of Equations (15) and (17) to FRF data; 
relationship between the overburden pressure and normalized 
porosity, permeability and FRF. 

R
eservoir 

Porosity  
(%) 

Kw 
(mD) 

 
Grain density 

(g/cc) 
 

Min. Max. Min. Max. Min. Max. 

1 17.1 43.4 0.012 6.51 2.68 2.71 

2 25.5 39.8 0.012 2.86 2.65 2.71 

3 18.0 27.3 0.503 571 2.64 2.77 

4 16.4 35.9 0.338 980 2.62 2.69 

5 31.4 40.4 592 3890 2.65 2.79 

Reservoir Tectosilicates 
(wt%) 

Carbonates 
(wt%) 

Phyllosilicates  
(wt%) 

1 1 99 0 

2 20 77 1 

3 73 16 5 

4 78 2 17 

5 73 13 5 
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Ln 
FRF2 
FRF1 

 is plotted versus the net confining pressure 

difference for six sandstone samples in Figure 3. As 
examples, the RRMs were calculated from the slope of the 
lines in Figure 3 and listed in Table 3. As 𝑅𝑅𝑜𝑜 increases with 
overburden pressure, the gradient of rock resistivity with 
respect to pressure becomes a positive number. Thus, 
according to Equation (5), RRM is a negative number as 
shown in Table 3. 

Fig. 3.  Ln 
𝐹𝐹𝐹𝐹𝐹𝐹2 
𝐹𝐹𝐹𝐹𝐹𝐹1 

 versus net confining pressure difference. According 

to Equation (18), the RRMs were determined by the slope of lines 
for six North Sea samples. 
 
Table 3. The calculated RRMs from the slope of the lines in Fig.3. 

 
The modelled overburden FRF calculated by the Multi-FRF 
method is plotted versus the measured overburden FRF of the 
55 samples from five North Sea reservoirs in Figure 4. A good 
fit between the model-predicted overburden FRF and the 
experimental measured laboratory data is observed. 
 
 
 
  
 
 
 
 
 
 
 
 
 
 

Fig. 4. Overburden FRF calculated using Equation (15) versus 
measured overburden FRF for five North Sea reservoirs. 

The R2 calculated by Single-FRF and Multi-FRF models for 
North Sea reservoirs are listed in Table 4. As expected, the 
Multi-FRF model shows a higher degree of accuracy than the 
Single-FRF model.  

Table 4. Overview of the corresponding R2 from model equations. 

 
The second dataset has been extracted from published 
literature [28,29] and includes 24 plug samples from two 
carbonate reservoirs. Figure 5 shows that the estimated 
overburden FRF from Equation (15) correlates with the 
experimental data for six samples from field S [28] with a 
maximum relative error of less than 8%. 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

Fig. 5. Measured and calculated overburden FRF by Multi-FRF 
model versus overburden pressure for six samples from field S 
[28]. 

Figure 6 indicates a good correlation between the Multi-FRF 
model predicted and the measured overburden FRF data, with 
R2 of 0.9869 and 0.9970 for the data from literature [28,29]. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 6. Overburden FRF calculated using Equation (15) versus 
measured overburden FRF for two carbonate reservoirs [28,29]. 

Sample 
 

FRF1 @ 20 bar RRM (bar-1) 

4-1 6.80 -5.57E-04 
4-2 10.13 -8.21E-04 
4-5 7.97 -7.27E-04 
4-6 12.55 -1.18E-03 
4-7 6.67 -4.68E-04 
4-8 18.30 -2.26E-03 

Reservoir R2 (Single-FRF) R2(Multi-FRF) 

1 0.9961 0.9994 
2 0.9996 0.9984 
3 0.9949 0.9987 
4 0.9968 0.9992 
5 0.9767 0.9908 
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As presented by Figure 7, a very good correlation is seen 
between the Multi-FRF model estimated values and the 
measured data. For overburden FRF, R2 values are higher 
than 0.9975 for 153 sandstone and 221 carbonate data points.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 7. Overburden FRF calculated using Equation (15) versus 
measured overburden FRF for sandstone and carbonate reservoirs. 
 
Moreover, the average relative error for the 31 sandstone and 
48 carbonate samples were calculated at 2% and 3% 
respectively. Overall, these results indicate that the general 
trend of the Multi-FRF model demonstrates very good 
correlation with the laboratory measurements for all the 79 
sandstone and carbonate samples. 
 
Development of the RI Model 
 
A similar modelling approach can be applied to the 
calculation of RI and Archie's saturation n-exponent. If Rt is 
separated in Equation (7) and integrated while assuming 
TRM is constant over the pressure interval of interest, the 
overburden Rt can be obtained from Equation (19): 
 

𝑅𝑅𝑡𝑡2 =  𝑅𝑅𝑡𝑡1𝑒𝑒
−𝛾𝛾𝑅𝑅𝑡𝑡∆𝑃𝑃          (19) 

 
By dividing Equation (19) by Equation (8), the RI at a given 
overburden pressure can be predicted as follows: 
 

𝑅𝑅𝑅𝑅2 =  𝑅𝑅𝑅𝑅1 𝑒𝑒
(𝛾𝛾𝑅𝑅𝑜𝑜−𝛾𝛾𝑅𝑅𝑡𝑡)∆𝑃𝑃

          (20) 
 
Combining Equations (1), (2) and (7) yields the following 
equation: 

𝛾𝛾𝑅𝑅𝑡𝑡 = −𝜑𝜑𝑚𝑚𝑆𝑆𝑤𝑤𝑛𝑛

𝑅𝑅𝑤𝑤
×

𝜕𝜕( 𝑅𝑅𝑤𝑤
𝜑𝜑𝑚𝑚𝑆𝑆𝑤𝑤𝑛𝑛

)

𝜕𝜕𝜕𝜕
          (21) 

 
Hence, by assuming constant cementation and saturation 
exponents over the pressure interval of interest and taking the 
derivative of the term ( 𝑅𝑅𝑤𝑤

𝜑𝜑𝑚𝑚𝑆𝑆𝑤𝑤𝑛𝑛) with respect to pressure in 
Equation (21) and rearranging it, the TRM can be calculated 
as follows:  

𝛾𝛾𝑅𝑅𝑡𝑡 = − 1
𝑅𝑅𝑤𝑤

 𝜕𝜕𝑅𝑅𝑤𝑤
𝜕𝜕𝜕𝜕

+ 𝑚𝑚 1
𝜑𝜑
𝜕𝜕𝜑𝜑 

𝜕𝜕𝜕𝜕
+ 𝑛𝑛 1

𝑆𝑆𝑤𝑤

𝜕𝜕𝑆𝑆𝑤𝑤 

𝜕𝜕𝜕𝜕
         (22) 

 
In addition, the formation brine compressibility; Cfb, is 
expressed as follows [30]: 
 

𝐶𝐶𝑓𝑓𝑓𝑓 = − 1
𝑉𝑉𝑤𝑤

𝜕𝜕𝑉𝑉𝑤𝑤 

𝜕𝜕𝜕𝜕
          (23) 

 
where Vw is the volume of the formation brine; this volume 
can be estimated through Equation (24). 
 

𝑉𝑉𝑤𝑤 = 𝜑𝜑𝑉𝑉𝑏𝑏𝑆𝑆𝑤𝑤           (24) 
 

Combining Equations (23) and (24) and taking the derivative 
of the term (𝜑𝜑𝑉𝑉𝑏𝑏𝑆𝑆𝑤𝑤) with respect to pressure and replacing Cp 
and Cb from Equations (11) and (12) into it, yields the 
following equation: 
 

1
𝑆𝑆𝑤𝑤

𝜕𝜕𝑆𝑆𝑤𝑤 

𝜕𝜕𝜕𝜕
= 𝐶𝐶𝑝𝑝 − 𝐶𝐶𝑓𝑓𝑓𝑓          (25) 

 
Thus, the TRM can be calculated by replacing Equations (6), 
(13) and (25) into Equation (22) as below: 
 

𝛾𝛾𝑅𝑅𝑡𝑡 = 𝛾𝛾𝑅𝑅𝑤𝑤 + 𝑚𝑚(𝐶𝐶𝑏𝑏 − 𝐶𝐶𝑝𝑝) + 𝑛𝑛(𝐶𝐶𝑝𝑝-𝐶𝐶𝑓𝑓𝑓𝑓)        (26) 
 

By replacing the RRM and TRM (from Equations (14) and 
(26) respectively) in Equation (20), the overburden RI can be 
calculated as follows:  
 

𝑅𝑅𝑅𝑅2 =  𝑅𝑅𝑅𝑅1 𝑒𝑒
 𝑛𝑛(𝐶𝐶𝑓𝑓𝑓𝑓−𝐶𝐶𝑝𝑝)∆𝑃𝑃

       (27) 
 

From integration of Equation (25) with respect to pressure, 
the Sw at a given overburden pressure can be predicted as 
follows: 
 

𝑆𝑆𝑤𝑤2 =  𝑆𝑆𝑤𝑤1𝑒𝑒
  (𝐶𝐶𝑝𝑝−𝐶𝐶𝑓𝑓𝑓𝑓) ∆𝑃𝑃

          (28) 
 

Consequently, the saturation exponent at a given overburden 
pressure can be predicted by replacing Equations (27) and 
(28) into Equation (2) as below: 
 

𝑛𝑛2 = −
 𝐿𝐿𝐿𝐿 𝑅𝑅𝑅𝑅1 +�𝑛𝑛1 (𝐶𝐶𝑓𝑓𝑓𝑓−𝐶𝐶𝑝𝑝) �∆𝑃𝑃

 𝐿𝐿𝐿𝐿 𝑆𝑆𝑤𝑤1   
+(𝐶𝐶𝑝𝑝−𝐶𝐶𝑓𝑓𝑓𝑓)∆𝑃𝑃

         (29) 

 
The compressibility of formation brine [psi-1] containing no 
gas in solution and for pressures from 1,000 to 20,000 psi (69 
to 2,844 bar), temperatures between 200 and 270°F (93 and 
132°C) and salinities of 0 to 200 g/L NaCl equivalent can be 
estimated using the following correlation [30]: 
 

𝑐𝑐𝑓𝑓𝑓𝑓 = 1
7.033 𝑃𝑃+ 541.5  𝐶𝐶−537𝑇𝑇+403.3×103

         (30) 

 
where P, C and T are pressure [psi], salt concentration [g/L] 
and temperature [°F] respectively. The more general forms of 
the Equations (27), (28) and (29) result from replacing the 
pressure steps 1 and 2 with 𝑖𝑖  and 𝑖𝑖 + 1 (𝑖𝑖 ≥ 1), so: 
 

 𝑅𝑅𝑅𝑅𝑖𝑖+1 =  𝑅𝑅𝑅𝑅𝑖𝑖 𝑒𝑒
 𝑛𝑛𝑖𝑖 (𝐶𝐶𝑓𝑓𝑏𝑏𝑖𝑖−𝐶𝐶𝑝𝑝𝑖𝑖  

)(𝑃𝑃𝑖𝑖+1 −𝑃𝑃𝑖𝑖 )         (31) 
 

𝑆𝑆𝑊𝑊𝑖𝑖+1 =  𝑆𝑆𝑊𝑊𝑖𝑖𝑒𝑒
 (𝐶𝐶𝑝𝑝𝑖𝑖−𝐶𝐶𝑓𝑓𝑓𝑓𝑖𝑖  

)(𝑃𝑃𝑖𝑖+1 −𝑃𝑃𝑖𝑖 )
        (32) 

 

𝑛𝑛𝑖𝑖+1 = −
 𝐿𝐿𝐿𝐿 𝑅𝑅𝑅𝑅𝑖𝑖 +𝑛𝑛𝑖𝑖 (𝐶𝐶𝑓𝑓𝑏𝑏𝑖𝑖−𝐶𝐶𝑝𝑝𝑖𝑖  

)(𝑃𝑃𝑖𝑖+1 −𝑃𝑃𝑖𝑖 )

 𝐿𝐿𝐿𝐿 𝑆𝑆𝑤𝑤𝑖𝑖   
+(𝐶𝐶𝑝𝑝𝑖𝑖−𝐶𝐶𝑓𝑓𝑓𝑓𝑖𝑖  

)(𝑃𝑃𝑖𝑖+1 −𝑃𝑃𝑖𝑖 )
         (33) 

https://link.springer.com/article/10.1007/s42452-020-03438-y#Equ13
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Figure 8 illustrates an example of predicting saturation 
exponents at various overburden pressures using Equations 
(31), (32) and (33). The composite n-exponent was equal to 
1.93 and was calculated from measurements conducted at 190 
bar and 98°C on 12 SCAL plug samples from reservoir 3. The 
composite saturation exponents for net confining overburden 
pressures of 350 and 700 bar are predicted as 1.95 and 1.97 
respectively.  
 
 

 

 
 
 
 
 
 
 
 
Fig. 8. Overburden saturation exponent calculated using Equations 
(31), (32) and (33). 
 
Figure 9 shows the predicted composite n-exponent for 
reservoirs 1-4 versus overburden pressure (RI data is not 
available for reservoir 5). Linear relationships between the 
predicted composite saturation exponents and the overburden 
pressures have been developed. Saturation exponent 
increases linearly with overburden pressure, as shown in 
Figure 9.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 9. Predicted composite n-exponent versus overburden pressure 
for reservoirs 1, 2, 3 and 4. 
 
As shown in Table 2, reservoirs 2 and 3 are predominately 
carbonate and silicate reservoirs, respectively. The minimum 
rate of change in saturation exponent with respect to 
overburden pressure are observed for these two reservoirs 
with different lithologies (Figure 9). Also, the maximum 
gradient of saturation exponent with respect to overburden 
pressure is calculated for reservoir 1 which is the nearly pure 
(99%) carbonate reservoir. According to Equation (33), 
saturation exponent is dependent on the difference between 
the formation brine compressibility and the pore volume 
compressibility. When 𝐶𝐶𝑓𝑓𝑓𝑓  and 𝐶𝐶𝑝𝑝 are almost identical and 

consequently their difference is close to zero, the saturation 
exponent doesn’t change significantly. Lewis et al. reported 
that changes in overburden pressures have a relatively minor 
effect upon the saturation exponent, but at the same time it 
slightly rises as the overburden pressure increases [24]. 
Although, experimental data was not available to support the 
theoretically developed model, but the predicted trends show 
consistency with the reported results by Lewis et al. 
 
Development of the Apparent FRF Model 
 
Conductivity is defined as the reciprocal of the electrical 
resistivity. Clay minerals in a rock play a role as a separate 
conductor. The effect of the clay on the conductivity of the 
rock is dependent upon the type, quantity, structure, and 
distribution in the rock [4]. As can be seen from the Table 2, 
the amount of clay in the investigated sandstone samples is 
low and varies between 0% and 17%. Figure 10 shows the 
conductivity behaviour of the shaly-sand as a function of 
brine conductivity, where Cw [Ω-1m-1] and Co [Ω-1m-1] are the 
brine conductivity and the brine-saturated rock conductivity, 
respectively. The Co is related to the Cw by the Waxman and 
Smits equation as follows [31]: 
 

𝐶𝐶𝑜𝑜 = 𝐶𝐶𝑤𝑤
𝐹𝐹∗

+ 𝐵𝐵𝑄𝑄𝑣𝑣
𝐹𝐹∗

          (34) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 10. Water-saturated rock conductivity (Co) as a function of 
water conductivity (Cw). Adopted from [31]. 
 
where 𝐹𝐹∗, B [(Ω-1m-1)/(meq/ml)] and Qv [meq/ml] are the 
shaly-sand FRF (apparent FRF), the volume concentration of 
sodium exchange cations associated with the clay and the 
equivalent conductance of sodium clay exchange cations, 
respectively. Therefore, as shown in Figure 10, beyond the 
primary dilute area, Co increases linearly with Cw. The term 
(𝐵𝐵𝑄𝑄𝑣𝑣
𝐹𝐹∗

) is determined from the intercept of the regressed best-
fit straight-line curve to the Co-Cw data pairs [11]. The 
reciprocal of the shaly-sand FRF is calculated from the 
gradient (slope) of the plot Co as a function of Cw as [31,32]: 
 

1
𝐹𝐹∗

= 𝑑𝑑𝐶𝐶𝑜𝑜
𝑑𝑑𝐶𝐶𝑤𝑤

          (35) 
 

By assuming that brine conductivity is independent of 
pressure and taking the derivative of Equation (35) with 
respect to pressure, yields the following equation: 
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𝜕𝜕𝐹𝐹∗

𝜕𝜕𝜕𝜕
 = −

𝜕𝜕(𝑑𝑑𝐶𝐶𝑜𝑜)
𝜕𝜕𝜕𝜕  

𝑑𝑑𝐶𝐶𝑜𝑜   
𝑑𝑑𝐶𝐶𝑤𝑤
𝑑𝑑𝐶𝐶𝑜𝑜  

   
          (36) 

 
The rock conductivity modulus (RCM) can be defined as 
follows: 

𝛾𝛾𝐶𝐶𝑜𝑜 = − 1
𝑑𝑑𝐶𝐶𝑜𝑜

𝜕𝜕(𝑑𝑑𝐶𝐶𝑜𝑜)
𝜕𝜕𝜕𝜕

          (37) 
 

Combining Equations (35), (36) and (37), yields the 
following equation: 
 

𝜕𝜕𝐹𝐹∗

𝐹𝐹∗
 = 𝛾𝛾𝐶𝐶𝑜𝑜𝜕𝜕𝜕𝜕

             (38) 

From integration of Equation (38) with respect to pressure 
while assuming a constant RCM over the pressure interval of 
interest, the apparent FRF at overburden pressure can be 
calculated from Equation (39) as follows:  
 

𝐹𝐹∗2 =  𝐹𝐹∗1𝑒𝑒𝛾𝛾𝐶𝐶𝑜𝑜∆𝑃𝑃           (39) 
 

For clean sands, excess conductivity which is the intercept of 
the line (𝐵𝐵𝑄𝑄𝑣𝑣

𝐹𝐹∗
) in Figure 10 becomes zero. Thus, RCM can be 

simplified as below: 
𝛾𝛾𝐶𝐶𝑜𝑜 = − 1

𝐶𝐶𝑜𝑜

𝜕𝜕𝐶𝐶𝑜𝑜
𝜕𝜕𝜕𝜕

          (40) 

Replacing the brine-saturated rock conductivity (𝑅𝑅𝑜𝑜 = 1
𝐶𝐶𝑜𝑜

) in 
RRM’s definition in Equation (5) and taking the derivative 
with respect to pressure and combining it with Equation (40), 
yields 𝛾𝛾𝑅𝑅𝑜𝑜 = −𝛾𝛾𝐶𝐶𝑜𝑜 . As mentioned before, RRM values are 
negative since rock resistivity increases with overburden 
pressure. As the rock conductivity of clean sand is the 
reciprocal of the rock resistivity, the rock conductivity 
decreases with overburden pressure. Consequently, according 
to Equation (40), RCM becomes positive normally. 
Consequently, for clean sands, Equations (15) and (39) match 
as expected as the apparent FRF approaches FRF, and power 
coefficients reflect equal values. Figure 11 shows an example 
of predicting apparent FRF at different overburden pressures.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 11. Example predicting apparent FRF for 12 SCAL plug 
samples from reservoir 3, using Equation (39). 
 
The apparent FRF data at stress are normalised to values at 
60 bar for 12 samples from reservoir 3, as shown in Figure 
11. Overburden FRF measurement has been conducted at 

several overburden pressures on reservoir 3 samples, whereas 
Co/Cw measurements have been performed only at one 
overburden pressure step. According to Table 2, the clay 
content of reservoir 3 samples is quite low. Thus, the absolute 
values of RRM and RCM can be assumed equal. The apparent 
FRF at 190 bar and 20°C was calculated based on the Co/Cw 
measurement. The apparent FRF is predicted at overburden 
pressures of 60, 100, 150 and 240 bar, using Equation (39) 
and RRM obtained from the overburden FRF measurement. 

Results and Discussion 

A good correlation was observed between exponential 
models presented in equations (15) and (17) and FRF 
experimental results in Figure 1; also, for the investigated 
dataset the graphical trends appear to be a linear function of 
the increasing overburden pressure. This is mathematically 
reasonable as the power coefficients in Equation (15) and (17) 
are much less than one, thus the exponential function can be 
converted to a linear function as follows: 

𝐹𝐹𝐹𝐹𝐹𝐹2 =  𝑎𝑎𝑃𝑃2 + 𝑏𝑏             (41) 
 

where 𝑎𝑎 and 𝑏𝑏 are the slope and the intercept of the line, 
respectively as: 
 

𝑎𝑎 = 𝐹𝐹𝐹𝐹𝐹𝐹1 𝑚𝑚1 (𝐶𝐶𝑝𝑝 − 𝐶𝐶𝑏𝑏)          (42) 
 

𝑏𝑏 = 𝐹𝐹𝐹𝐹𝐹𝐹1 [1 − 𝑚𝑚1 𝑃𝑃1 (𝐶𝐶𝑝𝑝 − 𝐶𝐶𝑏𝑏)]          (43) 
 

As ∆𝑃𝑃 and consequently the power coefficients increase by 
pressure, the prerequisite condition needed for converting 
exponential function to linear function (−𝛾𝛾𝑅𝑅𝑜𝑜∆𝑃𝑃 ≪ 1) 
becomes invalid. Accordingly, deviations from linearity 
between the FRF and the overburden pressure are observed 
for high pressures. Figures 12 and 13 illustrate examples of 
this behavior of the fitting of the Multi-FRF model to the FRF 
data measured at a high range of overburden pressure.  
The effect of overburden pressure on the electrical 
resistivities has been attributed to the mechanical feature 
which comprises pore constriction alterations and pore 
volume deformations [16]. The grain framework compacts 
and deforms from an increase in overburden pressure and 
because of compaction. Framework grains become in inlaid 
contact with each other, instead of being in point or line 
contact [33].  
Once a rock is exposed to overburden pressure, it experiences 
a variation in volume. This variation is called strain [34]. 
Until strain is proportional to the magnitude of the applied 
pressure, the rock shows elastic behaviour. Under such 
conditions if the pressure is removed, the volume of the rock 
sample returns to its original state. Plastic deformation occurs 
once the applied overburden pressure on a rock is beyond its 
elastic limit. Thus, plastic deformation is that deformation 
that generates a permanent alteration in the volume of a rock 
without that rock having failed by fracturing [35]. Sudden 
downward changes in the slope of the plot FRF as a function 
of overburden pressure at high overburden pressures could be 
related to the change from more elastic to more plastic or 
ductile failure behaviour (Figure 12). 
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Fig. 12. Example fitting of Equation (15) to the normalised FRF data 
measured at a large range of overburden pressures when FRF shows 
a curving downward behaviour. 
 
Micron-scale deformation mechanisms such as grain rotation 
and sliding, microcrack growth and closure, cement break- 
age, elastic grain-contact spreading and crystal plastic 
deformation in clay appear when the applied overburden 
pressure increases, and the load-bearing grain framework of 
the sample is extremely high [36]. Abrupt upward changes in 
the slope of the plot FRF as a function of overburden pressure 
at very high overburden pressures are indicative of suspected 
pore collapse, which causes grain rearrangement and 
repacking (Figure 13).  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 13. Example fitting of Equation (15) to the normalised FRF data 
measured at a large range of overburden pressures when FRF shows 
curving upward behaviour [11]. 
 
When the confining compaction stress is sufficiently high, 
inelastic mechanisms such as intragranular cracks (contact 
spalling), grain rotation and grain sliding triggered by 
intergranular microcracks, and cement breakage are activated 
and dominated [11,36,37]. 
Upward or downward changes in the slope of the plot FRF as 
a function of overburden pressure leads to variation of the 
original trend of the FRF with the overburden pressure. This 
consequently causes deviations between the measured FRF 
data and the proposed model.  
To improve the accuracy of the Multi-FRF model in 
predicting FRF data at a large range of overburden pressures, 
the second Multi-FRF model can be applied. It may be 
applied from the point that the trend of the graph of FRF 

versus overburden pressure has started to change due to 
probable plastic behaviour (curving downward behaviour) or 
rearranged grains and pore structures (curving upward 
behaviour). Hence, due to the slope change at high 
overburden pressures, the first Multi-FRF models were not 
capable of predicting overburden FRFs properly for high 
overburden pressures in Figures 12 and 13. Moreover, 
Figures 12 and 13 display the second Multi-FRF models 
correlate well to the measured FRF data at high overburden 
pressures. The initial pressure has been set to 250  bar for the 
second Multi-FRF model in Equation (15); RRMs have been 
calculated based on the FRF values measured at overburden 
pressures greater than and equal to 250 bar in Figures 12 and 
13. R2 of the plot Ln 

FRF2 
FRF1 

 versus the net confining  pressure 

difference is a good diagnostic tool to verify the requirement 
of applying the second Multi-FRF model. As shown in Figure 
3, R2 greater than 0.9900 shows that the original trend of the 
FRF with the overburden pressure works accurately. Whereas 
R2 lower than 0.9900 indicates that applying the second 
Multi-FRF model is most likely needed for more accurate 
predictions of FRF values at high overburden pressures. 
Practically, FRF data at various overburden pressures are not 
always available. Porosity and water permeability 
measurements are the basic experiments that are usually 
measured on all the samples at initial pressure, normally 20 
bar, before conducting any SCAL program. FRF can also be 
measured at initial pressure in conjunction with porosity and 
water permeability measurements for all the SCAL samples. 
According to Equation (17), in addition to initial FRF data, 
the difference between the pore volume compressibility and 
bulk compressibility is required for predicting overburden 
FRF by the Single-FRF model. If porosity has been measured 
under different overburden pressures, Cp-Cb can be estimated 
through Equation (13). When overburden porosity and 
compressibility data are not available, Cp can be calculated 
through empirical correlations such as the following 
equations [38]: 
 

𝐶𝐶p = 97.32×10−6

(1+55.8721𝜑𝜑)1.42859         (44) 
 

𝐶𝐶p = 0.853531
(1+2.47664×106𝜑𝜑)0.9299         (45) 

 
Equations (44) and (45) were developed for consolidated 
sandstones and limestone, respectively. Also, the bulk 
compressibility can be related to the pore compressibility as 
follows [39,40]: 

 
𝐶𝐶b ≅ 𝐶𝐶p𝜑𝜑           (46) 

 
Consequently, the difference between the pore volume 
compressibility and bulk compressibility can be estimated 
through Equations (44), (45) and (46). Table 5 demonstrates 
the sensitivity of using the different methods and data to 
estimate Cp-Cb and overburden FRF for the sample plotted in 
Figure 2 at 120 bar where the maximum deviation from the 
measured FRF data has been observed. Using two overburden 
porosity values to calculate Cp-Cb through equation 13 leads 
to a 12.6% overestimation of FRF at 120 bar as shown in 
Figure 2 and listed in Table 5. Increasing the number of 
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overburden porosity values to four in calculation of Cp-Cb 
leads to a 10.3% underestimation of overburden FRF. That 
means the absolute value of the relative error improves 2.3% 
by using four overburden porosity values. Whereas using 
correlations (44), (45) and (46) for estimating Cp-Cb worsens 
the absolute value of the FRF relative error only 3.1%. The 
average relative error for predicting overburden FRF for 
samples from North Sea reservoirs by using the Single-FRF 
model and correlations (Equations 44-46) is less than 5%. 
Therefore, although it was shown that the Multi-FRF model 
is more accurate for predicting FRF in comparison with the 
Single-FRF model, the Single-FRF model can be applied for 
predicting overburden FRF if the prerequisites of the Multi-
FRF model are unavailable. 
 
Table 5. The sensitivity of using the different methods and data to 
estimate FRF at 120 bar for sample plotted in Figure 2.  

 
Conclusions 
 
Based on the developed FRF models and the application of 
the models to two overburden FRF datasets including 
sandstone and carbonate samples from seven reservoirs, the 
following conclusions can be drawn. 
 
1-Two analytical FRF models referred to as the Multi-FRF 
model and Single-FRF model have been developed. Both 
exponential models can be converted to linear models for a 
range of low overburden pressures (for example for net 
confining overburden pressure P< 150 bar for this specific 
dataset) and include FRF at initial pressure and net confining 
pressure difference. In addition, the Multi-FRF model 
involves the rock resistivity modulus, whereas the Single-
FRF model is dependent on the cementation exponent, the 
pore volume compressibility and bulk compressibility. The 
FRF models have been derived mathematically based on 
Archie’s equation, thus they are expected to be valid within 
Archie's equation limitation, assumption, and boundary 
conditions. 
 
2-The validity of the developed FRF models were verified 
through their applications on 374 actual core data of 79 plug 
samples (31 sandstone and 48 carbonate plug samples). The 
results of validation showed that the FRF models succeeded 
in predicting the behaviour of FRF for the investigated net 
confining overburden pressure range at ambient temperature 
with average relative error of 2% and 3% for sandstone and 
carbonate samples, respectively.  

3-Theoretical models are proposed to predict RI, water 
saturation and saturation exponent behaviour under 
overburden pressure. In addition, a special Multi-FRF model 
has been developed to predict apparent FRF for shaly rocks. 
As RI and Co/Cw experiments are normally performed only at 
current reservoir overburden pressure and temperature 
conditions, the developed models may help to predict RI and 
F* behaviours at different overburden pressures - within the 
model boundary conditions and basic assumptions.  
 
4-However, the model predicted trends, and the maximum 
change in the saturation exponent with overburden pressure 
shows consistency with the reported results in literature [24]. 
Experimental data and further investigations are required to 
validate the developed theoretical models (RI, Sw, saturation 
exponent and apparent FRF models). 
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Nomenclature 
 
𝑎𝑎          Slope of the line in Equation (41), bar-1 
𝑏𝑏          Intercept of the line in Equation (41), dimensionless 
B     Volume concentration of sodium exchange cations 
associated with the clay, (Ω-1m-1)/(meq/ml) 
𝐶𝐶               Salt concentration, g/L 
𝐶𝐶𝑏𝑏        Bulk compressibility, bar-1 
𝐶𝐶𝑓𝑓𝑓𝑓       Formation brine compressibility, bar-1 

𝐶𝐶𝑜𝑜        Brine-saturated rock conductivity, Ω-1m-1 

𝐶𝐶𝑝𝑝       Pore volume compressibility, bar-1 (psi-1 in Equations 
(44) and (45)) 

𝐶𝐶𝑤𝑤       Brine conductivity, Ω-1m-1 

∆𝑃𝑃       Confining pressure difference, bar 
𝜑𝜑         Porosity, fraction 

𝐹𝐹∗       Shaly-sand FRF (apparent FRF), dimensionless 
𝐹𝐹𝐹𝐹𝐹𝐹    Formation Resistivity Factor, dimensionless 
𝛾𝛾𝐶𝐶𝑜𝑜       Rock conductivity modulus, bar-1 

𝛾𝛾𝑅𝑅𝑜𝑜       Rock resistivity modulus, bar-1 

𝛾𝛾𝑅𝑅𝑡𝑡       True resistivity modulus, bar-1 

𝛾𝛾𝑅𝑅𝑤𝑤      Water resistivity modulus, bar-1 

𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻 Volume of hydrocarbon initially in place at reservoir 
conditions, m3 

𝑖𝑖                Pressure step 
m         Cementation factor 
n          Saturation exponent  
𝑃𝑃               Pressure, bar (psi only in Equation (30)) 
Qv    Equivalent conductance of sodium clay exchange 
cations, meq/ml 
𝑅𝑅𝑅𝑅        Resistivity Index, dimensionless 
𝑅𝑅𝑜𝑜        Resistivity of rock fully saturated with brine, Ωm 
𝑅𝑅𝑡𝑡        Resistivity of rock partially saturated with brine, Ωm 
Rw            Formation water resistivity, Ωm 

FRF-
Model 

Used 
data/method 
to calculate 

CP-Cb 

CP-Cb 

 (bar-1) 

-γRo 

(bar-1) 

Rel. 
Er. 
(%) 

Single 𝜑𝜑  at 2 OB P./ 
Equation (13) 

1.30E-03 2.82E-03 12.6 

Single 
𝜑𝜑  at 4 OB P./ 
Equation (13) 

2.24E-04 4.84E-04 -10.3 

Single 
Equations (44), 

(45) & (46) 
 

5.57E-05 
 

1.20E-04 
 

-13.4 

Multi 
 

Equation (16) 
 

7.57E-04 
 

1.59E-03 
 

0.4 
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Sw            Water saturation, fraction 
𝑇𝑇               Temperature, °F 
𝑉𝑉         Volume of the reservoir, m3 

𝑉𝑉𝑏𝑏        Bulk volume, m3 

𝑉𝑉𝑝𝑝         Pore space volume, m3 

Vw            Volume of the formation brine, m3 
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